In this paper, we show that the transient waveforms arising from several localised pulses in a micro-structured material can be reproduced by a corresponding generalised continuum of the relaxed micromorphic type. Specifically, we compare the dynamic response of a bounded micro-structured material to that of bounded continua with special kinematic properties: (i) the relaxed micromorphic continuum and (ii) an equivalent Cauchy linear elastic continuum. We show that, while the Cauchy theory is able to describe the overall behaviour of the metastructure only at low frequencies, the relaxed micromorphic model goes far beyond by giving a correct description of the pulse propagation in the frequency band-gap and at frequencies intersecting the optical branches. In addition, we observe a computational time reduction associated with the use of the relaxed micromorphic continuum, compared to the sensible computational time needed to perform a transient computation in a micro-structured domain.
Introduction
Nowadays, metamaterials hold a central role in engineering developments thanks to their exotic mechanical and electromagnetic behaviour. For instance, the phenomena experimentally observed include: dynamic anisotropy, negative Poisson ratio, focusing of mechanical or electromagnetic waves via negative refraction, active/passive cloaking and many more. One of the most appealing mechanical features is the possibility to filter waves in specific ranges of frequencies, referred to as frequency "stop-bands" or "band-gaps". Exploiting such unorthodox properties, the conception of morphologically complex finite structures in many fields of engineering could be revolutionised. For instance, a finite ordered set of a metamaterial's unit-cell, that throughout this paper we will call "metastructure", would inherit the filtering properties of the periodic counterpart, leading to application ranging from seismic protection to stealth.
Forced (i.e. non-homogeneous) scalar (out-of-plane) and vector (in-plane) problems of linear elasticity in microstructured unbounded domains have been studied extensively in the literature. The Green's function provides a formidable analytical tool to write down an integral representation of the solution which can be evaluated, via analytical or numerical tools, in different frequency regimes. Colquitt et al. in [5] obtained the out-of-plane displacement field in square and triangular elastic lattices, with a particular emphasis on the resonances associated with dynamic anisotropy and primitive waveforms arising at saddle points in the dispersion diagram. These primitive waveforms have also been examined in the papers by Langley [9] , Ruzzene et al. [21] , Ayzenberg-Stepanenko and Slepyan [1] , and Osharovich et al. [20] , among others. We also mention the papers by Martin [15] and Movchan and Slepyan [16] , which analyse the properties of the vector dynamic Green's functions for a square lattice in the pass and stop band, respectively. Nonetheless, the use of such analytical tools for continua with a complex microstructure can be challenging, especially in the transient regime. Therefore, transient and/or time-harmonic finite element solutions for such problems can be used.
One of the most widespread tools used to study the ability of periodic media to support or inhibit free wave propagation is the Bloch-Floquet analysis [3] . This technique allows to reduce the free wave propagation problem, posed in a periodic domain, to an eigenvalue problem in its period, referred to as unit-cell, with quasi-periodic boundary conditions at the boundaries of the unit-cell.
In recent articles, it was shown that the dynamic response of a band-gap metamaterial can be described as a continuous medium using the relaxed micromorphic model. The relaxed micromorphic model was introduced and described in [2, 8, [17] [18] [19] . Furthermore, for the well posedness of the relaxed micromorphic model and for the mathematical framework needed to describe frequency band-gaps in metamaterials, we refer the reader to [10] [11] [12] [13] [14] .
Paper Main results
Novelty Present paper The tetragonal identification of the Relaxed Micromorphic Model (RMM) parameters performed in [6] , is used here to model transient waveforms in the RMM continuum, which are in qualitative agreement with transient waveforms in a micro-structured material.
First evidence that the identification of material parameters of the RMM on real 2D microstructures can ultimately lead to an effective continuum PDEs description of the transient behavior of complex metastructures, with significant computational time saving. [6] Application of the results provided in [2] for general anisotropy to the tetragonal symmetry class. Application to a real tetragonal metamaterial
Effective determination of the RMM using informations from a real microstructure with tetragonal symmetry.
[2] Rigorous establishment of the anisotropic framework for the RMM and application to the tetragonal case.
Introduction of arbitrary anisotropy in the RMM thus opening the possibility of applying the RMM to metamaterials structures belonging to any class of symmetry. [11] [12] [13] Subsequent studies investigating the importance of the constitutive form of kinetic energy of the RMM for the effective description of real systems.
Proof of the fact that gradient microinertia is of primary importance to correctly fit the behavior of real metamaterials for the complete range of wavelengths spanning from infinity to the size of the unit cell. [10, 14] Study of diffractive properties of RMM material surfaces in the isotropic case.
Proof that the RMM provided with suitable BCs is able to describe complex phenomena of reflection and transmission in metamaterials. [8, 18] Proof of mathematical well-posedness of the RMM.
The RMM is a rather recent model and a proof that its solution is unique -provided that adequate boundary conditions are used -is of pivotal importance for a correct application in mechanics. None of the other generalized continuum models (as second gradient models or Mindlin-Eringen model) have been able to well describe band-gaps in metamaterials to the same extent of the relaxed micromorphic model. Indeed, second gradient models cannot grasp complex dispersion due to their simplified kinematics, allowing only acoustic branches to be accounted for. On the other hand, the Mindlin-Eringen model, although it considers an appropriate kinematical framework, it relies on a large number of constitutive parameters, thus making very tricky any physical interpretation. Due to its simplified constitutive relations for the strain energy density, the relaxed micromorphic model allows to account for the main overall dispersion properties of band-gap metastructures, via a relatively contained number of elastic parameters. Such parameters simplification relies on the "sym-skew-trace" orthogonal decomposition adopted for the micro and macro deformation measures of the relaxed micromorphic model. As its main original contribution, the present paper shows that the relaxed micromorphic model is rich enough to face exciting problems concerning the mechanical behaviour of two-dimensional (2D) anisotropic micro-structured materials, which possess frequency band-gaps and non-trivial dispersive properties. More specifically, we compare the high-frequency dynamic response of a specific micro-structured material -subjected to space-concentrated and time-modulated loads -to the corresponding response issued by the relaxed micromorphic continuum. In particular, it is shown that the transient waveforms within the chosen metastructure are well-captured by the relaxed micromorphic continuum model, while the classical Cauchy continuum model is only accurate at lower frequencies.
As already stated, the present work relies on preceding results which were obtained by some of the authors in previous papers. Such results are summarized in Tab. 1. We want to stress here the fact that, when a new theory is being constructed, partial superposition with previous works is unavoidable. It is exactly such incessant progress that will ultimately allow to proceed towards the ambitious result of establishing a generalized version of the theory of elasticity for the study of microstructured metamaterials. In fact, as the theory of elasticity allows the averaged description of the mechanical behavior of classical materials without accounting for the complexity of all the atoms and molecules that constitute them, our long term goal is to build up a generalized theory of elasticity enclosing the dynamic response of metamaterials but without accounting for the detailed microstructure. Given the ambition of this final goal, it is clear that a series of papers is needed, with the aim to set up the model, to encompass its generalization to general anisotropy, to establish a simplified fitting procedure on real metamaterials, and to providing evidence that the obtained material parameters identification is able to reproduce real behaviors at large scales. Further research will be needed to prove the effectiveness of the established procedures to other metamaterials with different classes of symmetry and also independent tests of the effectiveness of the model (for example studying the reflective properties of interfaces embedded in anisotropic metamaterials) will be needed to valorize the results obtained up to now. Figure 1 : High-frequency waveforms in the transient regime for the considered tetragonal metastructure (panels (b) and (f)) agree with those obtained in a relaxed micromorphic continuum model (panels (c) and (g)). The aforementioned waveforms are generated by the application of space-concentrated pulses, whose time-dependence is shown in panels (a) and (e), respectively. The blue arrows in panels (a) and (e) indicate the time at which the waveforms on their right have been evaluated. Panels (d) and (h) report the transient waveform in an equivalent Cauchy continuum, showing propagation instead of localisation. We refer to section 5 for a detailed discussion.
An outline of the manuscript is given as follows. In section 2, we define the action functional of the relaxed micromorphic continuum, define the constitutive fourth-order elastic tensors which appear therein, and give the system of partial differential equations (PDEs) resulting from the minimisation of the action functional. We particularise our analysis to 2D plain-strain continua belonging to the tetragonal symmetry class. Both an effective low-frequency Cauchy system and the relaxed micromorphic system of PDEs are given. In section 3, we introduce the micro-structured material of interest, define its unit cell and perform Bloch-Floquet analysis. The dispersive properties of the periodic structure are shown, via dispersion curves along specified paths in the first Brillouin zone. In addition, we compare the Bloch-Floquet dispersion diagram with the dispersion diagram issued via the relaxed micromorphic continuum model, enabling us to determine the constitutive parameters of our enriched model by a simple inverse approach. In section 4, we introduce a space-concentrated and time-modulated pulse to be applied to (i) a finite metastructure, (ii) a finite continuum governed by the relaxed micromorphic model and (iii) a finite continuum modeled by an equivalent Cauchy model. The time-dependence of the prescribed pulse is tailored in order to explore different frequency regions within the dispersion diagram of the corresponding periodic structure (see Fig.  1 (a) and 1(e), for example). Section 5 is devoted to the discussion of the main results of this article: we show that a relaxed micromorphic continuum subjected to the aforementioned transient pulse, displays similar waveforms to those exhibited by the micro-structured domain, including localised waveforms corresponding to frequencies in the band-gap and optical branches. On the other hand, the Cauchy model is not descriptive outside the low frequency regime. An illustrative anticipation of the obtained results is shown in Fig. 1 . In addition, we show that by using our enriched continuum model instead of the explicit calculation of all the details of the microstructure provides a true advantage in terms of computational time, especially when considering large metastructures. Finally, in section 6 we provide our main conclusions and an outline for future research directions.
The anisotropic relaxed micromorphic model
The relaxed micromorphic model is defined in terms of symmetric elastic (relative) strains ε e := sym ( ∇u − P ), where u is the displacement and P is the R 3×3 non-symmetric micro-distortion, so that standard 4 th order symmetric elasticity tensors can be used in order to define elastic stresses. Moreover, regarding the curvature, it considers the second order dislocation-density tensor α = − CurlP instead of the third order curvature tensor ∇P (used in the full Mindlin-Eringen model) with the effect that the description of the anisotropy of curvature only needs 4 th order tensors, instead of 6 th order ones. The potential energy is
Here C e , C micro : Sym (3) → Sym (3) are both classical 4 th order elasticity tensors acting on symmetric second order tensors only: C e acts on the symmetric elastic strain ε e := sym ( ∇u − P ) and C micro acts on the symmetric micro-strain sym P and both map to symmetric tensors. The tensor C c : so(3) → so(3) is a 4 th order tensor that acts only on skew-symmetric matrices and yields only skew-symmetric tensors. Moreover, the parameter L c with dimensions of length can be interpreted as a characteristic length-scale which accounts for non-local effects in the considered metamaterial. Since, in this paper, we will only deal with bulk propagation phenomena, the effect of such length-scale is expected to be negligible. We leave to further publications the task of showing that the parameter L c may have a non-negligible role when scattering phenomena at the interface between homogeneous and microstructured materials are considered. Hence, in the reminder of this paper we will set L c = 0. In Eq. (1) we have introduced ·, · to denote the scalar product between tensor fields.
The dynamical formulation of the proposed relaxed micromorphic model is obtained introducing an anisotropic kinetic energy density of the type:
Here J e , J m : Sym (3) → Sym (3) are both 4 th order micro-inertia tensors acting on symmetric second order tensors, while the tensors J c , J g : so(3) → so(3) are 4 th order tensors that act only on skew-symmetric matrices and yield only skew-symmetric tensors. In Eq. (2) we have introduced the notation · 2 = ·, · . Given a bounded domain Ω with boundary ∂Ω and considering the anisotropic strain energy (1) and kinetic energy (2), the equations of motion for the relaxed micromorphic model are obtained by requiring that the action functional
is stationary with respect to the arbitrary variations of the kinematic fields. In Eq. (3), [0, T ] is the time interval during which the dynamics of the system is considered. In their strong form, the equations of motion are
with the associated natural and kinematic boundary conditions:
where is the Levi-Civita permutation symbol, n is the normal to the boundary, ν 1 and ν 2 are 2 orthogonal vectors tangent to the boundary ∂Ω 0 (a contour where the external perturbation is applied). In addition, ϕ, p 2 , p 3 , t ext , τ ext are assigned quantities. In Eq. (4) we have introduced
An equivalent macroscopic Cauchy model
We explicitly recall that, when considering wavelengths which are larger than the typical microstructure size, the influence of the microstructure itself become minimal and the relaxed micromorphic model is equivalent to a classical Cauchy continuum with elastic stiffness tensor C macro (see [2] ). A clear identification of the equivalent macroscopic fourth order tensor C macro via the constitutive tensors C micro and C e can also be derived as a harmonic tensor mean, i.e.
The homogenisation formula (7) can be used to characterise the material with classical experimental (or numerical) procedures and to obtain a useful relation between the parameters of the relaxed micromorphic model and those of the equivalent Cauchy continuum which can be considered representative of the dynamic response of the metastructure at low frequencies. The equations of motion for the macroscopic Cauchy model is given by the PDE system:
where the same notation as in Eq. (5) for the external fields assigned to ∂Ω 0 is used.
The plane strain Ansatz for a relaxed micromorphic continuum with tetragonal symmetry
In the remainder of this paper, we will focus on the in-plane behavior of a metamaterial introducing the following constraints:
• we consider only the in-plane degrees of freedom, i.e. u 3 , P 13 , P 31 , P 23 , P 32 and P 33 are set to zero;
• we consider only the in-plane deformations i.e. all the derivatives on the out-of-plane direction are set to be zero.
These assumptions correspond to the following simplified form of the kinematical fields:
Moreover, since we are interested in studying the dynamic response of the metastructure generated by the unit cell given in Fig. 2 , we consider that the corresponding relaxed micromorphic continuum must be particularised to the same symmetry class of the unit cell, i.e. the tetragonal symmetry.
With the proposed assumptions, the constitutive tensors of the relaxed micromorphic model in the tetragonal symmetry case are given by 1 :
Dispersive properties of a band-gap metamaterial with tetragonal symmetry
In this section, we choose a specific two-dimensional (2D) metamaterial whose dispersive properties and frequency band-gaps have already been investigated in the literature (see [6] and section 3.3 of the present article). The unitcell of the considered metamaterial is represented in Fig. 2(a) . In Fig. 2(a) , the shaded areas represent aluminium Table 2 : Geometric parameters of the unit-cell (see also Fig. 2(a) ), elastic parameters and mass density ρ Al of aluminium. For the reader's comfort we give both the values of Young's modulus and Poisson's ratio (E, ν), as well as the Lamé parameters (λ, µ).
In the following subsections, we will present the basis to analyse the dynamical behaviour of the unit-cell by means of a Bloch-Floquet analysis (section 3), via the relaxed micromorphic model (section 3.2) and we will show the resulting dispersion curves in section 3.3.
Bloch-Floquet dispersion diagram
The 2D Bravais lattice with unit-cell in Fig. 2(a) has primitive vectors
and reciprocal lattice primitive vectors
The first Brillouin zone for the lattice coincides with the Wigner-Seitz region of the reciprocal Bravais lattice and is represented in Fig. 2(b) . We also mark the representative points in the first Brillouin zone
which will be used for the representation and discussion of the dispersive properties of the periodic structure. Those properties are obtained by solving the PDE eigenfrequency problem governed by time-harmonic linear plain strain elasticity in the domain Ω 0 represented by the unit cell. The Bloch-Floquet boundary conditions for the displacement field in the periodic structure are
where we have introduced the lattice nodal points
and the Bloch-Floquet wave vector
The right-hand-side in Eq (15) is the first Brillouin zone for the square lattice under consideration (see also Fig.  2 (b) for a schematic representation). We assume that the cross-like holes in Fig 2(a) delimit vacuum. Therefore we assign traction-free boundary conditions in correspondence of the boundary of the cross-like hole in Fig 2(a) . We use COMSOL to solve the Bloch-Floquet eigenvalue problem described above, with spectral parameter ω = ω(k 1 , k 2 ).
Relaxed micromorphic model: identification of the constitutive parameters and the plane wave Ansatz
In [6] , an explicit procedure for the a priori determination of the material parameters of a specific unit-cell has been proposed. The setup of such procedure is not the main objective of the present paper. Nevertheless, it is worthwhile resuming here such a determination procedure, as it is of crucial importance to understand the interest of using the relaxed micromorphic model with respect to other generalised continuum models available in the literature. In fact, the relaxed micromorphic model features a limited number of constitutive parameters, all with a clear physical meaning, which can be determined a priori on the basis of simple static tests. More secifically, C macro represents the mechanical properties of a very large specimen of the considered metamaterial, C micro encloses the mechanical properties of smaller specimens, down to the unit cell scale, and C e gives the transition between the two scales. As already anticipated, most of the parameters can be determined directly starting from a simulation of the unit-cell. Indeed,
• applying Periodic Boundary Conditions (PBCs) to the boundary of the unit-cell, the macroscopic tensor C macro can be determined. This procedure is equivalent to run a standard mechanical test on a large specimen of the considered metamaterial to obtain its mechanical properties. It is also equivalent to classical homogenisation procedures;
• applying Kinematically Uniform (Dirichlet) Boundary Conditions (KUBCs) to the boundary of the unit-cell, the microscopic tensor C micro can be determined (see [6] for an extensive treatment and, in particular, for a motivation of the choice of KUBC rather than other possible boundary conditions); this procedure is equivalent to running mechanical tests on specimens of the metamaterial whose dimensions are comparable to those of the unit cell;
• C e is directly computed inverting the harmonic tensor mean (7);
• from the cut-off frequencies (obtained via a Bloch-Floquet analysis, see section 3.3), we derive the microinertiae η 1 , η 3 and η * 1 and an explicit relation between the Cosserat couple modulus µ c and η 2 . As a matter of fact, the cut-off frequencies are related to the parameters of the relaxed micromorphic model via the simple formulae
Thus, the only parameters which are still free after the proposed identification procedure are the inertiasη 1 ,η * 1 and η 3 linked to ∇u ,t and η 2 . Those parameters can be used to fine-tune the dispersion curves or some other specific behavior of the propose metamaterial. In Table 3 , we present the material parameters resulting from the systematic physically-grounded procedure described above (we refer the reader to [6] for an extensive discussion about this point), as well as the fine tuning of the dispersion curves. The characteristic length L c is set to be 0. Nevertheless, a non-vanishing L c is a crucial point for a description of the non-locality of meta-materials, but the task of its identification is postponed to forthcoming work. The fundamental analytical solutions of the PDEs system (4) are given by the plane waves
where x = (x 1 , x 2 , 0) T , and the plane strain assumption (see section 2.2) implies
Substituting (17) in (4), the system of PDEs (4) turns into an algebraic problem:
where D (k, ω) is a 6 × 6 semi-positive definite matrix (see [19] ), whose components are functions of the relaxed micromorphic constitutive parameters, of the wave vector k and of frequency ω. The explicit expression of the matrix D is algebraically involved, but easly tractable with standard numerical tools, such as Mathematica or Matlab. For the explicit expression of the matrix D, we refer the interested readers to [6] . The algebraic system (19) admits non-trivial solutions v = (û 1 ,û 2 ,P 11 ,P 12 ,P 21 ,P 22 ) T if and only if
which is referred to as dispersion equation for the micromorphic continuum. The solutions ω = ω (k 1 , k 2 ) of Eq. (20) provide the dispersion relations for plane wave propagation in a micromorphic continuum. We remark that, by choosing a wave vector k and thus a propagation direction, the frequencies ω = ω(k) can be obtained as roots of Eq. (20) . In the present article we choose to project the dispersion surfaces over the path k ∈MΓXM, by sampling such a path, and iteratively solving Eq. (20).
3.3 Dispersive properties of the metamaterial and of the equivalent continuum Fig. 3 shows the dispersion diagrams over the path k ∈ MΓXM in the first Brillouin zone of the considered periodic structure (see the dashed line in Fig. 2(b) ). The dotted lines in Fig 3 are obtained performing the Bloch-Floquet analysis outlined in section 3. The solid lines are the roots ω = ω(k) of the relaxed micromorphic dispersion equation (20) for k ∈ MΓXM (see section 3.2). For the considered microstructure, we obtain the cut-off frequencies shown in Table 4 . We project the dispersion curves over the path MΓXM in the first Brillouin zone for the periodic structure (see Fig. 2(b) ). With reference to Tab. 5, the blue shadow area has thickness ∆ω LF /2 (the negative part is omitted) and is delimited from below by ω Table 4 : Numerical values of the cut-offs for the considered metamaterial.
It is worthwhile pointing out that the notion of first Brillouin zone for a homogeneous continuum medium such as the relaxed micromorphic model, loses its sense, since a continuum is intrinsically macroscopic and a relation with specific unit cells can only be found "a posteriori". On the other hand, dispersion diagrams in periodic media with microstructure are periodic in the reciprocal space identified by k, the period being the first Brillouin zone.
We explicitly remark that the relaxed micromorphic model is able to account for the overall dispersive properties of the metamaterial with unit cell in Fig. 2(a) (see Fig. 3 ). Some differences can be appreciated especially in the neighbourhood of the boundaries of the first Brillouin zone, corresponding to large values of the Bloch vector. This means that the relaxed micromorphic continuum model is less accurate when considering small wavelengths which become comparable with the size of the unit cell. Even if a loss of precision for small wavelengths is expected when considering continuum models, further generalisations of the relaxed micromorphic model will allow a better precision also for such small wavelengths. Nevertheless, as we will show in the next section, the used homogenised model is precise enough for describing the propagation of pulses in metastructures, also at relatively high frequencies.
Description of transient pulse propagation in metastructures via the relaxed micromorphic model
As pointed out in the introductory section, time-harmonic problems in discrete lattices and micro-structured continua have been extensively studied in the literature. For non-homogeneous elastic problems in infinite microstructured domains, finite-element time-harmonic solutions heavily rely on the ability to model a perfectly absorbing frame in a finite computational domain. For lattice structures, it is often sufficient to introduce a damping term in the equations of motion for the masses belonging to an exterior computational frame [4, 5, 22, 23] . For continua with microstructure, this is not possible and the research is currently ongoing, even if several ad-hoc solutions, based on the perfectly matched layer method, have been already proposed [7] .
To overcome this problem, we choose to apply a concentrated pulse in the middle of the considered metastructure. We show transient waveforms in the time-domain, before spurious reflections, stemming from the interaction with the boundaries of the computational domains, intervene. This method allows us to avoid the implementation of perfectly absorbing frames, but demands the precise definition of a space-concentrated and time-modulated prescribed displacement. The remainder of this section is devoted to such a definition.
Computational domains
The computational domains implemented in COMSOL Multiphysics are schematically represented in Fig. 4(a) and Fig. 4(b) . These domains are squares each of which has side A = 121 a and is centred at the origin of the 2D Cartesian system of coordinates (x 1 , x 2 ). Fig. 4(a) is textured with a microstructure, whose magnification is given in Fig. 4(c) . Fig. 4(b) shows a continuous domain in which we solve the system of PDEs (4) for the relaxed micromorphic model and the system of PDEs (8) for the equivalent Cauchy continuum. Fig. 4(d) is a magnification of Fig. 4(b) . The solid red squares in Figs 4(c) and 4(d), here referred to as ∂Ω 0 , denote the boundaries on which the prescribed displacements are applied (see also the boundary conditions in Eqs (5) and (8) for the boundary conditions pertaining the relaxed micromorphic and the equivalent Cauchy models, respectively). On the other hand, the micro-structured computational domain in Fig 4(a) is governed by the equations of classical linear elasticity
where C is the stiffness matrix for aluminium, with elastic parameters given in Tab. 2. In solving Eq. (21), tractionfree boundary conditions are used at the cross-like holes and at the external boundary ∂Ω 2 . In the following we define the time and space dependence the external prescribed displacement ϕ, which appear in Eqs (5), (8) and (21).
Definition of the concentrated and modulated pulse
The concentrated and modulated pulse is a prescribed displacement for the systems of PDEs governing the structures in Fig. 4 . We assume that the frequency spectrum of the applied pulses is of the Gaussian-type. The Gaussian function describing the frequency content has mean ω 0 , corresponding to either the acoustic branches, the bandgap or the optical cut-offs of the dispersion diagram in Fig. 3 , see Table 4 . The Gaussian function has standard deviation proportional to ∆ω, whose values have been deliberately chosen to be much smaller than the highest cut-off frequency of the structure. The frequency content of the time-dependent part of the prescribed displacement can be represented as the following function
Since the problem is linear, the choice of a Fourier spectrum like in Eq. (22) guarantees that the structure will respond only to predefined frequency intervals which are ∆ω wide and have ω 0 mean value. The Fourier anti-transform of the function (22) is
As mentioned earlier, a time-modulated pulse allows us to explore selected frequency regimes in the dispersion diagram. We denote these frequency regimes as low frequency regime (LF), medium frequency regime (MF), bandgap regime (BG) and high frequency (HF) regime. In each of these frequency regimes, the Fourier transform in Eq. (25) has to be considered with different values of ω 0 and ∆ω. Those values are listed in Tab. 5 . The values of ω 0 are also marked along the y−axis of Fig. 3 . In Fig. 5(a) , we evaluate the functions (22) , in each frequency regime, as a function of frequency: blue, orange, green and red curves correspond to the LF, MF, BG and HF regimes, respectively. Table 5 : Parameters used to model the time dependence of the pulse.
The prescribed displacement has the space and time expression
where the function I(t) has been introduced in Eq. (23), the domain ∂Ω 0 corresponds to the red squares in Fig.   2 , and ϕ 0 = 1.4 × 10 −4 m. The vector functions of the space variable in Eq. (25) are
where we recall that a is the side of the square unit-cell (see Fig. 2(a) ). The functions of space (26) result in a pressure-like (p), shear-like (s) or rotation-like (r) deformation of the square ∂Ω 0 , respectively. A schematic representation of the deformations induced by the functions (26) is given in Fig. 6 . The dashed red lines in Fig. 6 represent the undeformed squares ∂Ω 0 and the solid lines represent, from left to right, pressure-like, shear-like and rotation-like deformations. The advantage of the transient problem with a prescribed displacement as in Eq. (25) is that the anisotropic propagation or localisation of the waveforms (both "fingerprints" of the non-trivial dispersion in metamaterials) can be studied over finite time intervals, short enough for the solution not to reach the boundary of the computational domain but long enough to allow the signal to develop. 
Results and discussion
In this section, we report transient finite element solutions for the following PDE models:
• a fully resolved micro-structured domain, with physical properties as in Table 2 and geometry depicted in Fig.  4 (a); such medium is governed by the system of PDEs (21), with prescribed displacement as in Eq. (25);
• a relaxed micromorphic model, with physical properties as in Table 3 and the domain of Fig. 4(b) ; such enriched continuum is governed by the system of PDEs (4), with prescribed displacement as in Eq. (25);
• an equivalent macroscopic Cauchy continuum governed by C macro (see Eq. (7) and Table 3 ), in the domain depicted in Fig. 4(b) .
For the relaxed micromorphic model, rather than considering the strong form in Eq. (4), we implement the corresponding weak form, readily obtained imposing the first variation of the action functional to be zero (see Eq. (27)), i.e.
where the function J is the kinetic energy density in Eq. (2) and the function W is the potential energy density in Eq. (1). The variation is here intended with respect to the six independent kinematic fields entering the plane-strain Ansatz in Eq. (9). In the following, transient solutions will be given at several times t, for the different models mentioned above and a prescribed displacement of the type in Eq. (25). We consider three different space dependencies (pressure-like, shear-like and rotation like) and the frequency regimes defined in section 4.2, i.e.:
Low frequency regime
In this section, we consider a prescribed displacement as in Eq. (25) in the low frequency regime (see the nomenclature introduced in section 4). Specifically, the frequency content is centred around zero (see blue curve in Fig.  5(a) ), which results in a Gaussian pulse in the time domain (see Fig. 5(b) ).
The first case considered is the pressure-like prescribed displacement, obtained inserting the first of Eqs (26) in Eq. (25). In Fig. (7) , we present snapshots of the resulting transient displacement for the micro-structured domain, the relaxed micromorphic continuum and a continuum governed by Cauchy elasticity, respectively. The directions of propagation are given by the properties of the micro-structure and, in particular, the wave propagates mainly on the directions of the beams in the micro-structure (0 and 90 degrees). As expected in the low frequency regime, the anisotropy is very well described by both the relaxed micromorphic model and the macroscopic Cauchy model. The columns correspond to different times, namely t/t 0 = {−1/2, 0, 1/2, 1} (t 0 is the LF value in Tab. 5). The modulus of the displacement in each of the four different columns match very well. This proves that the propagation speed is very well described in the LF regime for pressure-like excitations.
Relaxed Micro Cauchy Figure 7 : Pressure-like pulse propagation in the low frequency regime. The color map represents modulus of the displacement, with dark blue corresponding to zero displacement and dark red corresponding to the |u max | = 3 × 10 −5 m. This color scale is adopted in the remainder of the article.
Similar conclusions apply to Figs 8 and 9 , where, shear-like and rotation-like pulse propagations, respectively, are shown. The direction of propagation is, once again, given by the micro-structure, leading to a relevant energy channeling at ±45 degrees, in both cases. Furthermore, we observe that there is no substantial difference between the computations in Fig. 8 pertaining to a shear-like pulse and in Fig. 9 pertaining to a rotation-like pulse. In our opinion, the close similarity of the represented waveforms is due to the very low rotational stiffness of the unit cell leading to a shear-like propagation also for rotation-like pulses. The rotational mode, that is described by the skew-symmetric part of ∇u and P , has a very low stiffness also in the chosen material parameters of the relaxed micromorphic model (µ c µ macro /200). The substantial equivalence between shear-like and rotation-like excitation is preserved in all the frequency regimes. Therefore, we will refrain from showing the rotation-like excitations in the remainder of the paper.
Overall, the presented results show that, in the low frequency regime, there is no significant difference between the three examined models. It also confirms a standard low frequency homogenisation result according to which the low frequency dispersion, and the corresponding PDEs, for a metamaterial with tetragonal symmetry are well captured by a macroscopic Cauchy continuum with the same symmetry. Moreover, in [2] it was proven that C macro corresponds to a macroscopic limit case for the relaxed micromorphic model and, in [6] , it has already been shown that the low frequency dispersion of the considered meta-structure is captured by the equations of classical linear elasticity with effective tensor C macro in Eq. (7). More specifically, it is shown in [6] that, at low frequencies, the dispersion curves of the equivalent Cauchy continuum governed by C macro provide an excellent approximation for the low frequency acoustic branches of the micromorphic continuum. By means of Fig. (7) , (8) and (9), we provide a further illustration of this result in the context of low-frequency transient solutions of PDEs. 
Medium frequency regime
In this section, we investigate the pulse propagation in the medium frequency regime. This is done by prescribing a displacement as in Eq. (26), with a time-dependence as in Fig. 5(c) . The time-dependence has a spectral content as the orange curve in Fig. 5(a) . The spectral width (∆ω In Fig. 10 , we report snapshots for the transient displacement as a result of a pressure-like displacement in Eq.
(25) (j = p in Eq. (26)), using the first of Eqs (26). The rows correspond to the micro-structured domain, relaxed micromorphic domain and Cauchy-elastic domain governed by C macro , respectively. Different columns correspond to different times t/t 0 = {−1/2, 0, 1/2, 1}. With reference to Figs 10, we observe that the anisotropic transient waveforms in the micro-structured domain, are well captured by those pertaining to the relaxed micromorphic model. Moreover, the Cauchy continuum governed by C macro still represents an acceptable approximation for the waveforms in the micro-structured domain, as it can be appreciated by direct comparison of the first and the third rows of Figs 10. As shown in Fig. 3 , the frequency mean value of the considered pulse (ω MF 0 ) as well as its spectral width (∆ω MF 0 ), are located in correspondence of the acoustic branches of the dispersion diagram, in a regime where such branches have a non-linear behaviour as a function of the wave vector k. It is well known that, when the dispersion curves deviate from a linear behaviour, the group velocity is not a constant along the direction prescribed by k, thus depending on its modulus |k| = 2π/λ 0 , with λ 0 being the wavelength. In this case the medium is said to be dispersive. It is also very well known that the group velocity for a Cauchy infinite medium is constant along the direction prescribed by k, which translates into the fact that the dispersion curves as a function of k = |k|k -wherek is a fixed unit direction -are simply straight lines. Hence, a Cauchy medium is referred to as dispersionless. Even if the relaxed micromorphic model is able to account for the aforementioned dispersion, we observe that this fact does not improve the descriptive power of the relaxed micromorphic model in the medium frequency regime with respect to the Cauchy one. At this stage, we would like to recall that a relaxed micromorphic model could be considered to be equivalent to a second gradient model for relatively low frequencies, where the dispersion diagram comprises acoustic branches only. On the other hand, second gradient models are not able to describe the behaviour of the metastructure at higher frequencies as instead the relaxed micromorphic can do. It is then doubtful how second gradient theories could give additional interesting information concerning wave propagation in real metastructures at frequencies higher than the Cauchy-like regime, and at least for the considered symmetry class.
Band-gap regime
The advantage of using the relaxed micromorphic model can be directly appreciated in the band-gap regime for the periodic structure (see Fig. 3 ). This section is devoted to such a frequency regime. To investigate the band-gap regime, we design a pulse with frequency content as represented by the green curve in Fig. (5)(a) . The corresponding time dependence of the pulse is reported in Fig. 5(d) and it is used in Eq. (25) as a prescribed displacement over the square ∂Ω 0 .
Relaxed Micro Cauchy Figure 12 : Pressure-like pulse propagation in the band-gap regime. Fig. 12 shows the propagation of a pressure-like pulse (j = p in Eq. (25)), in the first row a micro-structured domain, in the second row a continuous domain governed by the relaxed micromorphic model and in the last row a linear elastic continuous domain governed by C macro . We observe that the pulse is localised throughout all the considered times, in both the micro-structured medium (panels (a)) and in the relaxed micromorphic medium (panels (b)). This agrees with the fact that ω BG 0 is in the band gap for both the micro-structured medium and for the equivalent relaxed micromorphic continuum (see Fig. 3 ). This is not the case for the panels (c), where the same pulse can propagate in the computational domain. This is because a Cauchy medium, although able to capture anisotropy as shown earlier, is not able to reproduce band-gaps, leading to pulse propagation at every frequency. Fig. 13 shows the propagation of a shear-like pulse (j = s in Eq. (25)). Similar considerations, already done for Fig. 12 , apply for the shear-like pulse-localisation phenomena (Panels (a) and (b)) which are witnessed in Fig. (13) .
Relaxed Micro Cauchy Figure 13 : Shear-like pulse propagation in the band-gap regime.
High frequency regime
In this section, we conclude our analysis by presenting pulse propagation results in the high-frequency regime for the micro-structured domain and for the corresponding relaxed micromorphic continuum (see red shadow in Fig.  3 ). This is done by considering a frequency content for the pulse as the red curve in Fig. (5)(a) . The corresponding time-dependence, shown in Fig. (5) (e), is assigned to the prescribed displacement in Eq. (25). Similarly to what we have done in the previous frequency regimes, we here focus on a pressure-like prescribed displacement (Fig. 14) and on a shear-like prescribed displacement (Fig. 15) . As suggested by the zero group velocity in the dispersion diagram, we expect almost complete localisation. The localisation is observed for both the pressure-like and shear-like pulses, in both the micro-structured domain and in the relaxed micromorphic continuum. On the other hand, in the Cauchy continuum governed by C macro , the localisation is completely lost since the dispersion is linear in all the investigated frequency regimes, and hence propagation of waves is always expected. 
Conclusion and further perspectives
In this article, we investigate the pertinence of using the relaxed micromorphic model to study wave propagation in band-gap anisotropic metastructures. To this aim, we compare transient waveforms corresponding to a pulse prescribed to the centre of metastructures governed by several equations of motion. The considered equations of motion are (i) a micro-structured domain governed by linear elasticity; (ii) the relaxed micromorphic model; and (iii) an equivalent Cauchy continuum having the same macroscopic stiffness of the analogous relaxed micromorphic continuum. In this article, we show that the relaxed micromorphic model qualitatively captures the behaviour of transient waveforms arising in metastructures, including localised waveforms in the band-gap and in the high frequency regime. The comparison has been performed using several types of prescribed displacements, namely pressure-like, shear-like and rotation-like deformations. We observe that the waveforms arising from rotation-like prescribed displacements -in every frequency regime -are identical to the waveforms obtained via the corresponding shear-like prescribed displacement. Such substantial equivalence between shear-like and rotation-like waveforms is remarked for the simple metastructure studied in the present paper, and would deserve a deeper investigation to check if it is also possible in more complex situations. We clearly show that the Cauchy equivalent continuum is able to describe the pulse propagation through the micro-structured domain only in the low frequency regime. The Cauchy equivalent continuum rapidly looses its predictive power when higher frequencies are considered. On the other hand, we show that the relaxed micromorphic model is able to account for the overall behaviour of the metastructure for all the considered frequency regimes, including the band-gap and higher frequencies. This predictive ability is peculiar of the relaxed micromorphic model and is unrivalled by any other generalised continuum models. For example, for the considered metastructure, the so called "second gradient" models would not be able to add anything more to its description when compared to the equivalent Cauchy model. Second gradient models are based on a kinematical framework which is identical to Cauchy classical theory (only macroscopic displacements are provided) and the only difference with the latter consists in a modified constitutive law which also contains second gradients of displacement, instead of only first gradients. In the context of plane-wave propagation and dispersive properties of the generalised continuum, this means that only acoustic modes can be described by a second gradient medium and the only difference with Cauchy media would be the description of non-linear dispersion for high wavenumbers. Failure to capture optical branches and finite frequency band-gaps, represents an intrinsic limitation of second gradient models when applied to description of metamaterials with complex microstructure, even at relatively low frequencies.
The results presented in this paper strongly encourage the promotion of the relaxed micromorphic model to engineering science. Indeed, the following challenges can be identified and will be treated in forthcoming works:
• study the behaviour of more "geometrically complex" metastructures (e.g. morphologically complex 2D or simplified 3D); this will allow to demonstrate impressive time savings in computations considering that, even for the relatively simple metastructure presented here, we obtain a considerable reduction in computational time, from 53 minutes in the micro-structured case down to 18 minutes for the relaxed micromorphic case;
• study the effect of the characteristic length scale L c on description of the dynamic response of metastructures. We will show in a forthcoming paper that the characteristic length plays a non-negligible role when considering diffractive phenomena at an interface embedded in a relaxed micromorphic model. Some non-negligible effects of Lc are also expected for very high frequency and will be investigated in further works.
• study transient wave propagation in metastructures whose unit cell belongs to different symmetry classes; this will demonstrate the unprecedented advantage of using the relaxed micromorphic model rather than other enriched continua. In fact, due to its simplicity compared to existing generalised continua -the relaxed micromorphic model features 4th order tensors rather than 6th order tensors, as in the second gradient model -the relaxed micromorphic model is able to add tangible improvements to the classical and (infinitely simpler) Cauchy description.
